In these notes we summarise some recent developments on the existence and uniqueness theory for Vlasov-type equations, both on the torus and on the whole space.
An introduction to Vlasov-type equations in plasma physics
In this note, we discuss some recent results concerning a class of PDEs used in the modelling of plasma. Plasma is a state of matter abundant in the universe. It can be found in stars, the solar wind and the interstellar medium, and is therefore widely studied in astrophysics, as well as in many other contexts. For example, a major terrestrial application is in nuclear fusion research. For this reason, mathematical modelling of plasma is of interest, with different types of plasma models being suitable for different contexts.
A plasma consists of an ionised gas. It forms when an electrically neutral gas is subjected to high temperatures or a strong electromagnetic field, which causes the gas particles to dissociate into charged particles. These charged particles then interact through electromagnetic forces. The relatively long range nature of these interactions results in a collective behaviour distinct from that expected from a neutral gas.
In this article, we will discuss the well-posedness of a certain class of PDE models for plasma. We will consider equations of Vlasov type, which describe particle systems with mean field interactions.
The Vlasov-Poisson system: the electrons' view-point
The ionisation process in the formation of a plasma produces two types of charged particle: positively charged ions and negatively charged electrons. It also generally contains neutral species, since not all of the particles of the original neutral gas will dissociate. However, typically the interactions with the neutral species are weak in comparison to the interactions of the charged species. For the purposes of these notes, we will neglect interactions with the neutral particles and concentrate on the modelling of the charged particles.
In fact, it is usual to make an assumption which decouples the dynamics of the two species. It is possible to do this because the mass of an electron is much smaller than the mass of an ion. The result is a separation between the timescales on which each species evolves: in short, the ions typically move much more slowly than the electrons. When modelling the electrons, it is thus common to assume that the ions are stationary over the time interval of observation.
The Vlasov-Poisson system is a well-known kinetic equation describing this situation. This equation was proposed by Jeans [20] as a model for galaxies. Its use in the plasma context dates back to the work of Vlasov [33] . The most commonly known version of the system models the electrons in the plasma. The electrons are described by a density function f = f (t, x, v), which is the unknown in the
which arises as an electrostatic approximation of the full Maxwell equations.
The system (1.1) expresses the fact that each electron in the plasma feels the influence of the other particles in the plasma in an averaged sense, through the electric field E induced collectively by the whole plasma. This is a long-range interaction between particles. In particular, this equation does not account for collisions between particles of any species.
The Vlasov-Poisson system as written in equation (1.1) does not yet include a boundary condition. In this note we focus on two cases: either the periodic case where the spatial variable x lies in the d-dimensional flat torus T d and the velocity variable v lies in the whole Euclidean space R d , or the whole space case where both x and v range over R d . We will use the notation X to denote the spatial domain, either T d or R d as appropriate, so that throughout this note we have (x, v) ∈ X × R d .
It is common to restrict in particular to the case where the background ion density R i is spatially uniform. In the case of the torus, X = T d , this results in the system
The ion charge density is chosen to be
f dx dv so that the system is globally neutral. This is required from the point of view of the physics under consideration due to the conservation of charge, since the plasma forms from an electrically neutral gas. Note that any solution f of (1.2) satisfies a transport equation with a divergence free vector field, which implies that the mass of f is conserved by the evolution. Thus in fact
In mathematical treatments, it is common to see (1.2) written in the rescaled form
In the whole space case X = R d , one often considers a vanishing background, in order to have a system with finite mass. This results in the system
(1.4)
The Vlasov-Poisson system with massless electrons: the ions' viewpoint
The previous section presented the Vlasov-Poisson system as a model for the electrons in a dilute, unmagnetised, collisionless plasma. A variant of the Vlasov-Poisson system may be used to model the ions in the plasma instead.
To derive an appropriate model, once again we make use of the large disparity between the masses of the two species. The resulting separation of timescales allows an approximation in which the two species are modelled separately. From the point of view of the ions, the electrons have a very small mass and so are very fast moving. Since the electrons are not stationary, a model of the form (1.3) is not appropriate.
Instead observe that, since the electrons move quickly relative to the ions, the frequency of electronelectron collisions is high in comparison to ion-ion or ion-electron collisions. Electron-electron collisions are expected to be relevant on the typical timescale of evolution of the ions, even while the frequencies of other kinds of collisions remain negligible. The expected effect of the electron-electron collisions is to drive the electron distribution towards its equilibrium configuration. In ion models it is therefore common in physics literature to assume that the electrons are close to thermal equilibrium.
In the limit of massless electrons, the ratio between the masses of the electrons and ions, m e /m i , tends to zero. Here m e is the mass of an electron and m i is the mass of an ion. In the limiting regime, it is assumed that the electrons instantaneously assume the equilibrium distribution. This approximation is often made in the physics literature, motivated by the fact that m e /m i is close to zero in applications.
The Maxwell-Boltzmann Law for Electrons
The equilibrium distribution can be identified by studying the equation for the evolution of electrons. Let the ion density ρ[f i ] be fixed, and assume that all ions carry the same charge q i . We have discussed that a possible model for the evolution of the electron density is the Vlasov-Poisson system (1.1). However, the Vlasov-Poisson system is a collisionless model. As discussed above, in the long time regime we consider we expect the effect of electron-electron collisions to be significant.
Collisions in a plasma are described by the Landau-Coulomb operator Q L [21, Chapter 4], which is an integral operator defined as follows: for a given function g = g(v) :
The tensor a is defined by
We add this term to the Vlasov-Poisson system to model a plasma with collisions. This results in the following model for the electron density f e :  
(1.5)
Here C e is a constant depending on physical quantities such as the electron charge q e and number density n e , but not on the electron mass m e . For the derivation of the scaling C e /m 2 e in front of the Landau-Coulomb operator, see Bellan [4, Chapter 13 , Equation (13.46)].
Consider the rescaling
Notice that this scaling preserves the macroscopic density:
(1.6)
We assume that F e converges to a stationary distributionf e =f e (x, v) as m e tends to zero, and focus on formally identifyingf e .
To identify the possible forms off e , we consider the entropy functional
For a solution F e of Equation (1.6),
Integrating by parts formally, the transport term vanishes:
By substituting the definition of Q L , one can calculate formally (see [10] ) that
where P (v−v * ) ⊥ denotes the operator giving the orthogonal projection onto the hyperplane perpendicular to v − v * . For a stationary solutionf e , we must have d dt H[f e ] = 0, that is, the functional on the right hand side of (1.7) must vanish. Iff e ∈ L 1 , it follows (see for example [32, Lemma 3] ) thatf e is a local Maxwellian of the form
The electron density ρ e , mean velocity u e and inverse temperature β e can then be studied using an argument similar to the one given in the proof of [2, Theorem 1.1]. Substituting the form (1.8) into equation (1.5), we obtain the following identity for all x such that ρ e (x) = 0 and all v ∈ R d :
For each fixed x, the left hand side is a polynomial in v − u e (x), whose coefficients must all be equal to zero. For example, by looking at the cubic term we see that ∇ x β e = 0 and thus β e must be a constant independent of x.
The quadratic term then gives
which implies that ∇ x u e is skew-symmetric. On a spatial domain for which a Korn inequality holds, this restricts the class of u e that can occur. For example, in the case of the torus X = T d , the fact that the symmetric part of ∇ x u e vanishes implies that u e is constant [11, Proposition 13] . Finally, from the linear term we obtain that ∇ x log (ρ e β d/2 e ) − q e β e E = 0.
Since ∇ x × E = 0, E is a gradient -that is, it can be written as E = −∇U for some function U . Then
From this we deduce that ρ e should be of the form
for some constant A > 0. This is known as a Maxwell-Boltzmann law.
In the whole space case X = R d , we include an additional spatial confinement of the electrons, by adding an additional potential Ψ to the electron dynamics. The equivalent of equation (1.6) is then
Repeating the previous argument, we can derive the following limiting distribution in the regime m e → 0:
where we let g = e −βeΨ . We assume that the confining potential Ψ grows sufficiently quickly at infinity
Bardos, Golse, Nguyen and Sentis [2] studied the problem of rigorously identifying the Maxwell-Boltzmann law as the distribution of electrons in the massless limit. They consider coupled systems of the form
(1.9)
In the above, Q denotes a collision operator such as a BGK or Boltzmann operator. Under suitable hypotheses on the spatial domain and the collision rate C(m e ), and assuming the existence of sufficiently regular solutions of the coupled system (1.9), they derive that, in the limit as m e /m i tends to zero, the electrons indeed take on a Maxwell-Boltzmann distribution. Moreover, solutions of the system (1.9) converge to a solution of a system of a similar form to (1.11), but where the electron temperature depends on time and is chosen to respect the conservation of energy. Other works on this topic include, for example, the work of Bouchut and Dolbeault [7] on the long time limit for the Vlasov-Poisson-Fokker-Planck system for one species -the massless electrons limit can be related to a long time limit since (1.6) can also be seen as a time rescaling. Herda [17] also considered the massless electron limit in the case with an external magnetic field. In this case the limiting system is a fluid model for the electrons, coupled with a kinetic model for the ions.
The Vlasov-Poisson System in the Limit of Massless Electrons
From equation (1.5), we see that the electrostatic potential U induced by a distribution ρ[f i ] of ions with a background of thermalised electrons should satisfy the following semilinear elliptic PDE:
where in the torus case X = T d we let g ≡ 1. The normalising constant A should be chosen so that the system is globally neutral, that is, the total charge is zero:
Indeed, on the torus X = T d , the Poisson equation
can only be solved if h has total integral zero. Thus if (1.10) has a solution, global neutrality must hold automatically. Adjusting the choice of A corresponds to adding a constant to U . Thus without loss of generality we choose A = 1.
Then, the nonlinear equation (1.10) replaces the standard Poisson equation for the electrostatic potential in the Vlasov-Poisson system (1.1). After a suitable normalisation of physical constants, this leads to the following system for the ions:
(1.11) This is known as the Vlasov-Poisson system with massless electrons, or VPME system.
In the whole space case X = R d , we consider two versions of the VPME system, depending on the choice of the constant A. In one case, we let A = 1. With a suitable choice of dimensionless variables, this results in the following system:
(1.12)
This system is structurally similar to the torus case (1.11) considered above. Note however that in this model the system is not necessarily globally neutral. In order to enforce global neutrality, we can instead choose A to be a normalising constant
Thus we obtain the following system:
(1.13)
The VPME system has been used in the physics literature in, for instance, numerical studies of the formation of ion-acoustic shocks [24, 29] and the development of phase-space vortices behind such shocks [5] , as well as in studies of the expansion of plasma into vacuum [25] . A physically oriented introduction to the model (1.11) may be found in [14] .
In [13] , we consider the problem of proving well-posedness for the VPME system (1.11) under reasonable conditions on the initial datum f 0 . The well-posedness of the systems (1.12) and (1.13) is considered in a forthcoming paper.
Well-posedness for Vlasov equations with smooth interactions
The Vlasov-Poisson system is an example of a more general class of nonlinear scalar transport equations known as Vlasov equations. A Vlasov equation takes the following form:
(2.1)
The system (2.1) is a mean field model for a system of interacting particles with binary interactions described by a pair potential W : X → R. The electron Vlasov-Poisson systems (1.3), (1.4) can be seen to be of the form (2.1) by choosing W to be the Green's function of the Laplacian on X . By this we mean that G is a function satisfying the relation
2)
The function U = G * (ρ f − 1) is a solution of the Poisson equation, respectively
Thus the Vlasov-Poisson systems (1.3), (1.4) are of the form (2.1). The available well-posedness theory for the system (2.1) depends on the choice of the interaction potential W , and in particular on the regularity of the force −∇W . For example, if ∇W is a Lipschitz function, then the system (2.1) is well-posed in the class C [0, ∞); M + (X × R d ) -the space of continuous paths taking values in the space M + (X × R d ) of finite measures on X × R d equipped with the topology of weak convergence of measures. This case was considered for example by Braun and Hepp [8] and by Dobrushin [12] .
Under the assumption that ∇W is a Lipschitz function, it is known that weak solutions of the Vlasov equation (2.1) exist [8, 12] and are unique [12] .
Theorem 2.1. Assume that ∇W : X → R d is a Lipschitz function. Let f 0 be a finite non-negative measure with finite first moment:
Then there exists a unique weak solution f ∈ C [0, +∞); M + (X × R d ) of the Vlasov equation (2.1).
Well-posedness for the Vlasov-Poisson System
In the case of the Vlasov-Poisson system for electrons (1.3), the interaction potential W is chosen to be the function G defined by the relation (2.2). The resulting force K = −∇G is known as the Coulomb kernel. However, K is not a Lipschitz function and so the Vlasov-Poisson system does not satisfy the assumptions of Theorem 2.1. For example, in the whole space case, X = R d , G takes the form
The Coulomb kernel K R d = −∇G R d takes the form
x 4π|x| 3 , d = 3, and thus has a singluarity at x = 0.
On the torus X = T d , it can be shown that G T d is smooth away from the origin:
. Near the singularity it is of the form
where G 1 is a C ∞ function. Thus K T d possesses a singularity similar to that of K R d . Consequently, Theorem 2.1 does not apply to the Vlasov-Poisson system. It is not known whether the Vlasov-Poisson system is well-posed in the class of measure solutions. However, global wellposedness has been shown for solution classes with greater regularity.
Arsen'ev [1] introduced a notion of weak solution for the Vlasov-Poisson system (1.3) in dimension d = 3 and proved the existence of such solutions, globally in time, for initial data f 0 belonging to the space L 1 ∩ L ∞ (R 6 ). The boundedness condition f 0 ∈ L ∞ (R 6 ) was later relaxed to f 0 ∈ L p (R 6 ), for p sufficiently large, by Horst and Hunze [19] .
In the case of classical C 1 solutions, in the two-dimensional case d = 2 Ukai and Okabe [31] proved global existence for initial data f 0 ∈ C 1 (R 4 ) decaying sufficiently fast at infinity. In dimension d = 3, global-in-time solutions were constructed by Pfaffelmoser [27] for initial data f 0 ∈ C 1 c (R 6 ). Schaeffer gave a streamlined proof of the same result in [30] . Horst [18] extended these results to include noncompactly supported initial data with sufficiently fast decay at infinity. The methods of proof for these results are based on an analysis of the characteristic trajectories associated to system (1.3). This approach was adapted to the torus by Batt and Rein [3] , who proved the existence of global-in-time classical solutions for (1.3) posed on T 3 × R 3 , for initial data f 0 ∈ C 1 (T 3 × R 3 ) with sufficiently fast decay at infinity.
An alternative approach to the construction of global-in-time solutions in dimension d = 3 was provided by Lions and Perthame [22] . Their method is based on proving the propagation of moments. They showed global existence of solutions, provided that the initial datum
has moments in velocity of sufficiently high order. However, their strategy is for the whole space case x ∈ R d , and differs from the strategies currently available for the torus.
Pallard [26] then extended the range of moments that could be propagated in the whole space case and showed propagation of moments on the torus T 3 , using a method based on an analysis of trajectories (more similar to [3, 27, 30] ). Chen and Chen [9] adapted these techniques to further extend the range of moments that could be propagated for the torus case.
Lions and Perthame [22] proved a uniqueness criterion for their solutions under the additional technical condition that, for all R, T > 0,
Robert [28] then proved uniqueness for solutions that are compactly supported in phase space for all time. Subsequently, Loeper [23] proved a uniqueness result which requires only boundedness of the mass density ρ f , and therefore includes the compactly supported case. Loeper's result is based on proving a stability estimate on solutions of the VPME system (1.11) with bounded density, with respect to their initial data f 0 -in particular, a quantitative estimate in terms of the second order Wasserstein distance W 2 . In a similar vein, in the one dimensional case Hauray [16] proved a weakstrong uniqueness principle, showing that if a bounded density solution exists, then this solution is unique among measure-valued solutions. This result is also based on a Wasserstein stability result.
4 Well-posedness theory for the Vlasov-Poisson system with massless electrons
The VPME system for ions is in general less well understood than the Vlasov-Poisson system for electrons, due to the additional nonlinearity in the elliptic equation for the electrostatic potential.
In the case of the well-posedness theory, weak solutions for the VPME system were constructed in dimension d = 3 in the whole space by Bouchut [6] , globally in time. In one dimension, global-in-time weak solutions were constructed by Han-Kwan and Iacobelli [15] for measure data with a first moment. A weak-strong uniqueness principle was also proved for solutions satisfying ρ f ∈ L ∞ loc ([0, +∞); L ∞ (T)): namely, if a solution with this regularity exists, then it is unique among measure solutions. However, a well-posedness theory for strong solutions in higher dimensions remained open.
In the article [13] , global well-posedness is proved for the VPME system on the torus in dimension d = 2 and d = 3. The main result is stated in the following theorem. 
Then there exists a global-in-time weak solution f ∈ C([0, ∞); P(T d × R d )) of the VPME system (1.11) with initial data f 0 . This is the unique solution of (1.11) with initial datum f 0 such that
In addition, if f 0 has compact support, then at each time t, f (t) has compact support.
This theorem asks for no regularity on f 0 , only that
The resulting solutions are therefore not C 1 classical solutions in general. It is thus useful to introduce a concept of strong solutions: the class of bounded distributional solutions f of (1.11) whose density ρ f is uniformly bounded: ρ f ∈ L ∞ loc ([0, +∞); L ∞ (X )). Strong solutions have several convenient properties: in particular, their characteristic ODE system is well-posed and the resulting flow can be used to represent the solutions. A consequence of this is that if the initial datum f 0 is additionally assumed to be C 1 , then the resulting strong solution is in fact a C 1 classical solution. Therefore we may also deduce global well-posedness for classical solutions of the VPME system.
In a forthcoming paper, we also consider the problem posed on the whole space; we are able to prove the following global well-posedness result for the whole space systems (1.12)and (1.13).
Theorem 4.2 (Global well-posedness:
Remark 4.3. In particular, these results provide well-posedness for the VPME system under the same conditions as were previously known for the Vlasov-Poisson system.
Strategy for T d

Analysis of the Electric Field
The first step of the proof is to obtain estimates on the regularity of the electric field E. We begin with a decomposition of the electric field, as was used in [15] for the one dimensional setting. The electric field E can be seen as a sum of the electric field appearing in the electron model (1.3), plus a more regular nonlinear term. For this, we use the notation E =Ē + E, wherē
andŪ and U solve respectively
We expect E to be more regular thanĒ. The key point is to prove this rigorously, taking into account the nonlinearity in the equation satisfied by U . In particular we need to quantify the gain of regularity carefully.
To analyse E, we use techniques from the calculus of variations which allow us to deal with the nonlinearity in the equation for U . We then wish to quantify the gain of regularity in terms of its dependence on ρ f . The key lemma is the following regularity estimate. 
Moreover, there exists α > 0 such that U ∈ C 2,α (T d ), with the quantitative estimate
The choice of (d + 2)/d as the integrability exponent is relevant because this is a quantity that we expect to be bounded uniformly in time, as a consequence of the conservation of the following energy functional associated to the VPME system: 
where E is the energy functional defined in (4.1). Then the mass density
for some constant C 1 > 0 depending on C 0 and d only.
Using these estimates on the electric field, the proof of well-posedness is carried out in two main steps. First we prove the uniqueness of solutions for VPME under the condition that the mass density ρ f is bounded in L ∞ (T d ). Then, we show the global existence of solutions with bounded density, given the assumptions of Theorem 4.1.
Uniqueness
The first part of the proof of well-posedness is to prove the uniqueness of strong solutions, i.e. uniqueness under the condition that
. For the electron Vlasov-Poisson system (1.3), Loeper [23] proved uniqueness of solutions under this condition. In the VPME setting, we make use of Loeper's strategy to handle the electric fieldĒ. However, to deal with E further nontrivial estimates are necessary. We prove the following estimate, which quantifies the stability of E with respect to the charge density ρ f . Lemma 4.6. For each i = 1, 2, letŪ i and U i be respectively solutions of
Then there exists a constant C d > 0 such that
Using these estimates, we are able to prove the following stability estimate for solutions of the VPME system (1.11) relative to the initial datum, quantified in the second order Wasserstein distance W 2 . Uniqueness of strong solutions then follows immediately. Then there exists a constant C, depending on M , such that, for all t ∈ [0, T ],
where the time t 0 is defined by
Existence of Solutions
The proof of existence is based on controlling the moments of solutions. We first show an a priori estimate, proving that the VPME propagates velocity moments of sufficiently high order. This approach was previously used to prove global existence for the electron Vlasov-Poisson system, going back to the work of Lions and Perthame [22] for the problem posed on R 3 . Pallard [26] proved propagation of moments on the torus and extended the range of moments that could be propagated in the whole space, while Chen and Chen [9] further extended the range of moments available for the torus case. By extending these methods to the VPME case, we show global-in-time existence of solutions for the VPME system, for any initial datum f 0 ∈ L 1 ∩ L ∞ (T d × R d ) that has a finite velocity moment of order m 0 > d. Note that Theorem 4.1 requires moments of higher order than this, for the reason that stronger assumptions are required to show uniqueness.
The proposition below shows the propagation of moments for classical solutions of the VPME system. In the proof, the estimates from Lemma 4.4 on the nonlinear part of the potential U are crucial. 
Let f be a C 1 compactly supported solution of the VPME system (1.11). Then, for all T > 0,
Using this estimate, we then prove the global existence of solutions for the VPME system under these assumptions.We first consider a regularized version of the VPME system:
Here χ r is a mollifier defined for r > 0 by
where χ is a fixed smooth, radially symmetric function with compact support.
The regularized system (4.2) is globally well-posed. This can be proved using standard methods, for example by adapting the approach of Dobrushin [12] . The proof of Proposition 4.8 then provides moment estimates for the solutions of (4.2) that are uniform in the regularization parameter. We can then extract a limit point and show that it is a global solution of the VPME system. With this method of construction, no regularity is required on the initial datum f 0 . Moreover, the conservation of the energy E[f ] defined in (4.1) also follows -in comparison, the energy of the weak solutions constructed by Bouchut [6] is non-increasing but not necessarily conserved. We obtain the following existence result. Then there exists a global-in-time weak solution f ∈ C([0, ∞); P(T d × R d )) of the VPME system (1.11) with initial data f 0 , such that for all T > 0, sup t∈[0,T ] T d ×R d |v| m0 f (t, x, v) dx dv < +∞.
The proof of Theorem 4.1 is then completed by showing that, under the specified decay and moment assumption on f 0 , the solution provided by Theorem 4.9 has bounded density. Proposition 4.7 then applies, proving the uniqueness of this solution.
Strategy for R 3
In the whole space case, the overall strategy is similar to the torus case: we first analyse the electrostatic potential using the decomposition U =Ū + U , where −∆Ū = ρ f , lim |x|→0Ū (x) = 0, and the remainder U satisfies either
Once again, by using techniques from the calculus of variations we can show that the nonlinear remainder U is more regular thanŪ . However, one first difference with the torus case is that we have to account for the behaviour of the potential at infinity. A more significant difference occurs for the fixed charge model. Due to the normalisation of the electron charge, the nonlinearity takes a different form compared to the torus case. To deal with this, we use a different functional in the calculus of variations approach to the analysis of U .
For the uniqueness of strong solutions, once again we prove a stability estimate in W 2 using stability estimates for the electric field with respect to the charge density ρ f . ForĒ we use estimates devised by Loeper [23] . For E we again need a version of Lemma 4.6, modified in the fixed charge case to handle the different nonlinearity.
To prove existence, we again use the propagation of moments. However the proof of the propagation of moments in the whole space is very different with respect to the propagation of moments on the torus, and we rely on the approach of Lions and Perthame [22] , making use of the regularity estimates on U .
